This paper presents a novel indirect model reference fuzzy control for the control of a fractional order chaotic nonlinear dynamic system. The proposed control scheme benefits from a fractional order reference model which has more degrees of freedom. Takagi-Sugeno fuzzy model is used to model the nonlinear dynamic system under control. Some adaption laws are proposed to estimate the parameters of the Takagi-Sugeno fuzzy model. The stability of the proposed structure and the proposed adaptation laws are proved using a novel Lyapunov function. In order to show the implementability and effectiveness of the proposed controller, it is simulated on the control of a fractional order chaotic Duffing oscillator.
Introduction
In recent years, the control of fractional order nonlinear systems has been paid much attention in literature. This is because of the fact that more accurate modeling of many real-world physical systems necessitate the use of fractional order differential equation [1] . In [2] fractional-order memristor-based Chua's circuit is presented. In [3] , an electrical component, so-called fractional inductor, is presented which has a fractional-order coupling between flux and current. Moreover, a fractional order capacitor is presented in [3] which benefits from a fractional order differential relation between its current and voltage.
The development of fuzzy systems made it possible to use the expert knowledge and experiment to control nonlinear dynamic systems. Since this type of controllers show robustness in the presence of modeling uncertainties and noise in the system, they are have been successfully applied to many different industrial processes where modelbased approaches fail to perform successfully [4] . Former fuzzy controllers suffer from rigorous stability analyzes and systematic method of design. In order to alleviate these problems, different classical control methods are used to strengthen fuzzy systems. A class of such controllers requires the solution of a set of LMI [5] . Adaptive control is a class of control methods which adapts the parameters of the controller based on the time-varying plant model and parameters. In this method, online tuning methods are used to estimate the parameters of the system and these estimations are used to design an appropriate using control signal. It is also possible to design the controller directly from the input/output data gathered from the system. Adaptive classical approaches are another major class of controllers which are used in fuzzy structure to add rigorous stability analysis to them. Adaptive sliding mode control [6] , indirect model reference controllers [7] , and direct model reference controllers [8] are among classical control approaches which are already added to fuzzy systems. The stability of these methods are considered using Lyapunov theory. Other examples of such approaches can be found in [9, 10] .
Model reference controllers are a major class of adaptive control systems [11] in which the desired dynamic response of the system is stated as a reference model. Examples of direct model reference adaptive controllers are discussed in [12, 13] and their indirect variants are studied in [14, 15] . Basic model reference adaptive controllers are designed for linear dynamic systems. In order to improve model reference adaptive controllers and extend their use to nonlinear dynamic systems, fuzzy structures, as a flexible general function approximators, may be used. In [16, 17] , a direct model reference fuzzy controller proposed to control SISO nonlinear systems and in [18, 19] a indirect model reference fuzzy controller use to control chaotic systems.
Fractional order systems are the systems which are described by an integrodifferential equation. The main reason for the absence of these systems was that the solution to fractional order differential equations is complicated. In recent years, many methods are proposed to approximate fractional order differential equations [3] . By use of these approximations, it is possible to use fractional order calculus in wide areas of applications. In [20] , the use of fractional order PID controller is studied. Since fractional order PID controller uses fractional order calculus, it benefits from two more degrees of freedom in comparison with the formal PID and it has five parameters to be tuned. In [21] , the use of adaptive fuzzy sliding mode controller for the synchronization of uncertain fractional order chaotic systems are proposed. Fractional fuzzy adaptive sliding mode control of a 2-DOF direct-drive robot arm is another example of similar approaches which is studied in [22] . The sliding mode control of fractional order systems is considered in [23] . The design of sliding mode controllers with fractional order differentiation is investigated in [24] : This paper proposes a novel method to control fractional order nonlinear dynamic systems using model reference fuzzy control approach. To the best knowledge of the authors, this type of controllers was never applied to fractional order systems. The benefit of use of such approach to fractional order systems is that it makes it possible to define the desired behavior of the system in terms of a fractional order reference model. In order to design the indirect model reference fuzzy fractional order control signal, a fractional order identifier is used to identify the model of the system and its parameters. The stability of the proposed controller and the adaptation laws of the identifier are considered using a novel Lyapunov function. The proposed method is used to control a fractional order Duffing oscillator. The simulation results show that the proposed controller is capable of controlling the system with a satisfactory performance.
Design of model reference fuzzy controller for nonlinear systems

Takagi-Sugeno fuzzy model of nonlinear chaotic system
The chaotic system considered in this paper is in the form of in which and are two unknown smooth functions and is the bounded external disturbance. This system can be modeled using a Takagi-Sugeno (TS) fuzzy model. Takagi-Sugeno is described by fuzzy IF-THEN rules. The th rule of the fuzzy model for nonlinear system can be written as:
For where denotes the state vector; is the input; is the number of the rules; is unknown bounded external disturbance.
are the state matrices of the fuzzy system. The final output of the fuzzy model is inferred as follows:
where and is the grade of membership function of in and
The reference model for the system is taken as:
where :
and It is to be noted that this reference model is a fractional order reference model. An identifier is considered for the system as: (7) where and are the identified matrices for and .
Stability analysis of the proposed controller
Theorem 1.Consider the nonlinear dynamic system in the form of (1) and the reference model (5) with the control law as it is defined as follows: (8) and adaption laws as: (10) Assume that the reference signal and states of the reference model are uniformly bounded. Then the adaptation laws of (9) and (11) with the control signal of (8) guarantee the stability of the system and it follows that: 1.
2.
Proof. The reader is referred to Appendix A for the proof of this theorem. Remark 1.Since appears in the denominator of the control signal, it is required to prevent it from becoming zero. In order to do so, the adaptation law is modified as in (11) . This modification prevents from becoming too close to zero.
(11)
where is a selected lower bounded for and it must be selected as
Simulation results
In this section, the proposed method is simulated on the control of chaotic systems. Consider the following fractional order nonlinear dynamic system which corresponds to the dynamic behavior of a Duffing oscillator. This chaotic system is one of the mostly visited dynamic systems controlled using different nonlinear control approaches.
(12)
in which is the external input signal. The parameters of this system are selected as .The initial values for the system are selected to be equal to A fractional order TS fuzzy system is used to model the fractional order Duffing oscillator. The rules of the fuzzy system are considered as: If is negative then If is zero then If is positive then The membership functions selected for fuzzy system are considered as follow:
The initial values of the state matrices of the system are selected to be equal to:
The reference model matrices for the system are considered as:
The eigenvalues of are and the reference system is stable considering the theorem 2 as in Appendix B.
The response of the system when the reference signal is a sinusoid is depicted in the Fig. 1 . As can be seen from this figure the tracking is obtained.
Conclusions
In this paper, a novel indirect model reference fuzzy control is proposed to control a class of nonlinear fractional order chaotic system. By using fractional order reference model more degrees of freedom is reached. The stability of proposed structure is proved using an appropriate Lyapunov function. The proposed control signal guarantees the boundedness of all signals in the system and makes sure that the states of the chaotic system track those of the reference model for any bounded reference input signal. The proposed method is used to control a fractional order Duffing oscillator. The simulation results show that the suggested controller can be successfully applied to the control of nonlinear chaotic systems. The control signal is taken as:
In which correlate with the Signum function as:
the control signal can be divided into two terms as: where is the fuzzy part of control signal and which is the robustness term of control signal. The is defined as: in order to study the stability of the system, the following Lyapunov function is considered:
where is a positive definite matrix and . Using the control signal of (8) and the adaptation laws of (9) and (10), the time derivative of the Lyapunov function is achieved as:
is the state matrix of the reference model, so that , where is the positive definite matrix.
where corresponds to minimum eigenvalue of . By choosing as follows:
Using an assumption such that , we have:
by choosing :
Furthermore it is possible to choose k as , so that:
This result shows that converges to a small neighborhood of zero and stays there. Moreover, it is possible to choose this region as small as desired using a small value for Appendix B. Theorem 2. A commensurate-order system described by a rational transfer function as follow [3] :
Where
This transfer function is stable if and only if
With being the -th root of .
